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Q I Abstract. We establish the upper bound in the muhiphcity conjecture of Herzog 

D i and Srinivasan for the codimension three almost complete intersections. The proof 

I is essentially by direct computation and uses the structure theorem of codimension 

three almost complete intersection of Buchsbaum and Eisenbud. We also give some 
partial results in the case when I is the almost complete intersection ideal linked to 
a complete intersection in one step. 
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Let Rhe a. standard graded polynomial ring k[xi,X2, ■ ■ ■ Xn] where k is a field and 
let / C -R be a homgeneous ideal of codimension h. 

Consider the graded minimal free /^-resolution of R/I: 



00 

P ; ^ (Bj^zR{-3)^^- ^ ... ^ (BjezRi-j)"'- R R/I 

(N 

. where Pij = dimTorf-{R/ /, k)j the graded Betti number of R/ 1 and p is the projective 

^ ' dimension of R/I. 

Let h denote the codimension of R/I and let e{R/I) be the multiplicity of R/I. 
rS I Then h < p and equality holds if and only if R/I is Cohen-Macaulay. Let mi{I) = 

pi ; min{j G Z | Pi,j{R/I) ^ 0} be the minimal and Mi{I) = max{j e Z | Pi,j{R/I) ^ 0} 

be the maximal shifts at the i-th step. 

Conjecture 1.1 (Herzog- Huneke-Srinivasan) If R/I is Cohen-Macaulay, then 

%^ < e{R/I) < 1%^. 
hi h\ 

Conjecture 1.1 has been studied in many people and has resulted in some achieve- 
ment with some conditions. 

Conjecture 1.2 (Herzog-Srinivasan) Even if R/I is not Cohen-Macaulay, the 
multiplicity e{R/I) satisfies 
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These conjectured bounds have been estabhshed in many cases B For instance, 
when R/ 1 is Cohen-Macaulay with a pure resolution, that is irti = Mi = di for all 1 < 

i < p, then the conjecture follows from the formula e{R/I) = ' in [9j. It is known 
in codimension two by results of Herzog-Srinivasan, Gold and Romer. I is known 
in Gorenstein codimension two by the results of Herzog- Srinivasan, Migliore-Nagel- 
Romer. The very next codimension three case is that of almost complete intersection. 
Recently, Bahman Engheta [6j has also studied these algebras and has obtained other 
bounds for the multiplicity in terms of the degrees of the generators. 

In this paper, our main theorem proves the upper bound for almost complete 
intersections of codimension three. We discuss the lower bound in some cases. We give 
some examples and some structure of the resolutions of almost complete intersections 
in terms of the linked Gorenstein ideal. The main tool in the proof is the theorem of 
Buchsbaum and Eisenbud which states that all codimension three almost complete 
intersections arise as {K : J) where J is a codimension three Gorenstein ideal and 
i^' is a regular sequence of length three contained in J. The proof is then by direct 
computations. 

2. The Multiplicity of Almost Complete Intersection with Codim 3 

Let R = k[xi ■ ■ ■ Xd] and / be a homogeneous almost complete intersection ideal 
of codimension three. By a theorem of Buchsbaum and Eisenbud in [3], there exists 
a Gorenstein ideal J and a regular sequence K = {fi, f2, fs) contained in J such 
that / = {K : J) and J = {K : J). By Peskine and Szpiro in a resolution of 
R/I over R can be obtained as the dual of the mapping cone of the resolution of 
R/J and the resolution of R/K. By Buchsbaum and Eisenbud structure theorem on 
Gorenstein ideals, we know that J is minimally generated by an odd number 2n+l 
of elements in R which form the 2n x 2n order pfafRans of a 2r;, + 1 x 2r;, + 1 skew 
symmetric matrix. In fact, since J is homogeneous this matrix can be taken to be 
homogeneous as well [1]. Since I is homogeneous we can extend the entire argument 
to take /i, /2, /s as homogeneous elements in J and the mapping cone of the dual of 
the graded resolutions of R/ J and R/K induced by the inclusion of K into J will be 
a graded resolution of R/I. We summarize these as follows: 

Theorem 2.1. [3] 

Suppose that I = (/i, /2, /s, /4) is a homogeneous almost complete intersection of 
codim 3 with /i, /2, /s forming a regular sequence of degree degfi = Cj. 

1. Then J = {{fi, /2, /s) : I) is a codimension 3 Gorenstein ideal minimally generated 
by homogeneous elements gi, . . . , g2m+i of degrees di = deggi for i = 1,2, . . . , 2m + 1. 

2. Additionally, if c = ^YllTi'^ ^i, R/J has the resolution 



After we submitted this paper we heard the exciting news that the multiphcity conjecture is 
solved for Cohen Macaulay R/I in characterisitc zero by Eisenbud and Schreyer. 
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2m+l 2m+l 



R{-c) J2 Ri.-i.c-di)) Ri-di) ^ R ^ R/J 0. (2.1) 



i=l i=l 

and R/K has the resolution 



3 3 

^ i?(-5^e,) ^ J2 Ri-i^i + Cj)) ^ $^i?(-e.) ^ R^ R/K 0,(2.2) 

1=1 l<i<j<3 i=l 

then the resolution of R/I is 

2m+l 3 2m+l 3 

^ ^i?(-(5]e,-rf.)) - E ^(-(e. + e,)) 

i=l j=l i=l j=l l<i<i<3 

3 3 

/?(-( J] e, - c)) © J] i?(-e,) ^ R^ R/I^O. (2.3) 
The following corollary will be useful in our calculations. We may assume ei < 

62 < 63 and di < d2 < ■ ■ ■ < C?2m+1- 

Corollary 2.2. Suppose that I is an almost complete intersection of codim 3 with 
a regular sequence (/i,/2,/3) among a minimal generating set of I . Suppose that 
J = iifi, f2, fs) '■ I) is the corresponding Gorenstein ideal. Then there exists f^El 
such that I = (/i, /2, /s, /4) and degf^ = 61+62 + 63 — where mc = Yl'i=i"^ 
degfi = Ci and d[s are the degrees of the minimal generators of J. 

Proof. By the above theorem 12.11 (2.3) is the resolution of R/I. So we can choose 
the fourth generator for I to be of degree 61 + 62 + 63 — c. □ 

Remark 2.3. [12] The multiplicity e{R/I) can be obtained from the shifts in a graded 
resolution of R/I. If 

^ (BjezRi-j)''''' ^ ... (BjezRi-j)"'-' ^ R ^ R/I ^ 
is a graded of R/I, then 

6(/?//) = (-l)^ij]X^(-l)^A,,/- 

j i=0 

Lemma 2.4. Suppose that K = (/i, /2, /3) is a regular sequence contained in a codi- 
mension three Gorenstein ideal J generated by gi,g2, ■ ■ ■ ,5'2m+i ■ 
IfI = {K:J), then e{R/I) = e{R/K) - e{R/J). 
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Proof. Let degfi = e^, 1 < < 3 and deggj = dj, 1 < j < 2m + 1. We obtain 
e{R/ K) = 616263 since K is a regular sequence and Qe{R/ J) = ^^^i di{c—di) {c—2di) 
by [8] since J is a Gorenstein ideal. The above remark 12.31 enables us to have 

2m+l 3 2m+l 3 

i=l i=l i=l j=l 

3 

- ((ei + 62)^ + (61 + 63)^ + (62 + 63)^) + {J2 ej - cf + {el + el + el) 

2m+l 3 3 3 

i=l jr = l jr = l j = l 

2m+l 3 3 3 

- E ((E ^^o' - 3(E e,nc - d,) + 3{j2 ej)ic - d,r - (c - d,f) 
1=1 j=i j=i j=i 

- ((ei + 62)^ + (61 + 63)^ + (62 + 63)^) + {el + el + el) 

+ (ei + 62 + 63)^ - 3(61 + 62 + 63)^6 + 3(61 + 62 + 63)6^ - 
= (61 + 62 + 63)^ - ((61 + 62)^ + (61 + 63)^ + (62 + 63)^) + {el + el + el) 

2m+l 

- ^ di{c- di){c - 2di) 
1=1 

2m+l 

= 6616263 - E ^»(^ ~ ^»)(^ ~ = 6e{R/K) - 6e{R/J). 

□ 

From the structure of the graded resolution (12. ip of the Gorenstein ideal J, one can 
easily see the following numerical criterion on the degrees of the generators. This is 
recorded by Diesel, in the generalization of Buchsbaum-Eisenbud structure theorem 
to the graded case [1]. 

Theorem 2.5. [4J Let J be a homogeneous Gorenstein ideal of codimension three 
generated by 2m+l elements of degrees di < d2 < ■ ■ ■ < dn with the resolution h2.1\) . 
If c is the shift in the last step of the resolution, then 

c > di + dn-i+2, z = 2, . . . , 2m + 1. 

Theorem 2.6. Let L = (/i, /2, /s, • • • , /n) be a complete intersection ideal and M 
is an ideal minimally generated by gi,g2,---,gm with n < m. If L G M, then 
degfi > deggi for all i = 1,2, ■■■ ,n. 
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Proof. Let degfi = and deggj = dj for i = 1, 2, . . . , n and j = 1, 2, . . . , m. 
We may assume that ei < 62 < • • • < e„, rfi < ^2 < . . . < dm- Since /i G L C M, 
/i = '^iifi'i + ri2g2 + • • • + rimgm, ^ij ^ R. One of gf/s is not zero. So 7^ for 
some j. fi can be rewritten as /i = rijgj+the other terms, ei > degrij + rfj for 
some j. dj > di imphes ei > di. Since /2 G L C M, /2 = 'r2i(y'i + . . . + r2mgm- If 
r2j 7^ for some j > 2, then /2 = r2j(y'j-|-the other terms. 62 > degr2j + c/j for some 
j. we get 62 > c?2. We may assume that r2j = for all j > 2. Then /2 = r2igi. So 
62 = degr2i + di. Since ei > rfi, /i = rugi + rugt + ... for some t 7^ 1. If /i = rn^ii, 
then (/i,/2) C ((^i), so codimension of (/i,/2) = 1 which implies the codimension of 
(/i, . . . , fn) has at most n — 1, i.e, codim(/i, . . . , /„) < n — 1. This contradicts to the 
codim I = n. If /i = rngi + rugt + • • • with r^ 7^ for some t 7^ 1, then Ci > df. 
We may call t by 2 because d2 is the least except di, which implies 62 > ei > d2. 
Inductively, we get > di for each i = 1,2, . . . ,n. □ 

The mutiplicity bounds can be easily established for R/I if the complete intersec- 
tion K has mutiplicity sufficiently large or sufficiently low and the resolution fl2.3p is 
minimal. 

Theorem 2.7. Ife{R/K) < 3e{R/J) then the upperhound in the conjecture 1.1 holds, 

e{R/I) < . 

Proof. We get the maximal shifts in (12.31) : 

Ml = max{e3, 64} 

M2 = max{e2 + 63, 64 + dn} 

M3 = ei + 62 + 63 - di 

6e{R/I) = 6e{R/K) - 6e{R/J) 

< 6e{R/K) - 2e{R/K) 

= Ae{R/K) = 4616263 < 63(62 + 63)^ 

< 63(62 + 63) (61 + 62 + 63 - rfi) < M1M2M3 

□ 

Theorem 2.8. If e{R/K) > 3e{R/J) and 63 < dn then the lowerhound in the con- 
jecture 1.1 holds, 

e{R/I) > . 

Proof. We get the minimal shifts in (12. Sp : 

mi = mm{6i, 64} 

m2 = min{ei + 62, 64 + di} 

m3 = 61 + 62 + 63- dn 
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6e{R/I) = 6e{R/K) - 6e{R/J) 

> Qe{R/K) - 2e{R/K) 

= Ae{R/K) = 4616263 > 61(61 + 62)^ 

> 61(61 + 62)(6i + 62 + 63 - dn) > mim2m3 

□ 

3. The Upper Bound 

We show that the multiphcity of R/I satisfies the upper bound of conjecture 1.1. 
When there is no cancellation at each step in the resolution (12. 3p . that is exactly the 
minimal resolution of R/I. Furthermore, we have several cases of the minimal free 
resolutions in which there are cancellations of degrees between 6j's and di^s. We can 
assume 61 > di or 62 > d2 or 63 > ds by theorem 12.61 The only cancellations that 
matter are 61 = di or 62 = d2 or 63 = d^. We consider each of these cases separately. 

Theorem 3.1. Suppose that I is an almost complete intersection of codim 3 with a 
regular sequence (/i, /2, /s) and J = ((/i, /2, /3) : /) is the Gorenstein ideal generated 
in degree > d and Mi be the maximal degree of a minimal generating set of I. 

Then either 

3 

^1 = 5Z ^^^^^ ~ ^ 

i=l 

or Ml = max{degfi} 

l<i<3 

where c = ^ Yl'i=i~^ '^'^^ '^j '■^ '^'^^ degrees of generators for J with c?i < ^2 < . . . < 

Proof. Let 6j = degfi 1 < i < 4 and 61 < 62 < 63. From the resolution (12. Sp . 
Ml = 61 + 62 + 63 - c or Ml = 63. □ 

Lemma 3.2. Suppose I = {K, f^) is an almost complete intersection of codim 3 and 
K = {fi,f2,f3) is a regular sequence with degfi = and 61 < 62 < 63. Suppose 
the Gorenstein ideal J = {K : J) is generated by gi, . . . , gn with degree gi = d^ and 
di < ■ ■ ■ < dn. If Ci = di, 62 = d2 and 63 = d^, then g^ can be replaced by fi for each 
i = 1,2,3, i.e, J = (/i, /2, /s, 5^4, • • • , 5'n)- 

Proof. Since J = (/i, /2, /3) : /, G J for i = 1, 2, 3. fi has a linear combination of 

g'iS of J, i.e., fi = vigi + r25'2 H h r^gn for G R. Then degfi > degri + deggi. 

Since degfi = deggi, degri = 0. We can take ri = 1. fi=gi+ r2g2 + ■ ■ ■ + 
r^gn enables us to replace gi by fi in J. So we get J = (/i,fi'2,--- ,gn)- /2 e 
J implies /a = sji + Y.i>i^i9i^j2 ■= f2 - sji = ^.^^Sigi^and is a 

regular sequence. Replace /2 by /2, then K = (/i, /a, /3) and /2 = X]j>i Si9i-^ Since 
degf2 = degf2,degs2 = and S2 = 1 can be taken. Now we replace g2 by /2, i.e.. 
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J = (/i, /2, 93, 5'4, • • • , 9n) = (/i, /2, 93, 9i, ■ ■ ■ , 9n)- With the same arguments, we have 

J = {fl,f2,f3,94,---,9n)- □ 

Lemma 3.3. If 61,62,63 are positive integers with 61 < 62 < 63, then 6616263 < 
ef + 6^63 + 6^63 + 2e2e| + e|. 

Proof. Let 63 = 62 + a with a > 0. Then 

+ 6^62 + 6363 + 26263 + 63 - 6616263 
= 6^ + 6^(62 + a) + 62(62 + a) + 262(62 + a)^ + (62 + a)^ - 66162(62 + a) 
= 61 + 462 ~ 56162 + (61 + 862 — 66162)0 + 562a + a 
> 6? + Ael - 56?62 = (62 - ei)(46^ + 46i62 - e?) > 
because 61 + 863 — 66162 > 0. 

□ 

Now we prove the main theorem of this paper. We can 

Theorem 3.4. The multiplicity 6{R/I) of almost complete intersection I of codim 3 
satisfies the conjectured upper hound. 



Proof. CASE I: Suppose that no cancellations occur at each step in (I2.3p . Then 
61 > di, 62 > d2, 63 > d3. We have the same resolution (2.1) of I as minimal. 



2m+l 3 2m+l 3 

^ 5^i?(-(^6,-rf,)) ^ 5^i?(-(^6,-(c-rf,)))© ^(-(e. + e,)) 

i=l j=l 1=1 j=l l<i<j<3 

3 3 

^ R{-{J2ej - c)) © J]i?(-6,) ^ R R/I ^ 0. 
j=i j=i 

Now we get the maximal shifts from the above resolution. 

Ml = max{63, 64} 

M2 = max{62 + 63, 64 + dn} 

M3 = 61 + 62 + 63- di 

where 64 = 61 + 62 + 63 — c by corollary 12. 2[ 

We show that 6{R/I) < MjJhMs.^ Lg^^ 1 < « < 3 denote the minimal shift in 
the i-th step in the resolution (12.11) of R/ J, then m[ = di, m'2 = c — dn, rn'^ = c and 
66{R/J) > m'lm^m'^. Since Qei^R/I) = Qe^R/K) — 66{R/J) < 6616263 — m'^m^m'^, 
it suffices to show that 6616263 — dic{c — dn) < M1M2M3. We verify 4 subcases 
separately. 
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Subcase 1: Mi = 63, M2 = 62 + 63 
63 > 64 and 62 + 63 > 64 + dn imply c > 61 + 62 and c — dn > 61. We show that 
63(62 + 63) (61 + 62 + 63 - di) > 6616263 - dic{c - dn). 

63(62 + 63)(6i + 62 + 63 - di) - 6616263 + dic{c - dn) 

> 63(62 + 63)(6i + 62 + 63 - di) - 6616263 + Cii(6i + 62)61, 

because c > 61 + 62, e — (i„ > 61 
= 63(62 + 63) (61 + 62 + 63) - ^1(6263 + 63 - 61 - 6162) - 6616263 

> 616263 + 6263 + 26263 + 6163 + el- 61(6263 + 63 - 61 - 6162) - 6616263, 
because 61 > di 

= 63 + 26263 + 6263 + 6162 + 61 — 6616263 > by the lemma [331 

Subcase 2: Mi = 63, M2 = 64 + (i„ 

63 > 64 and 64 + dn > 62 + 63 imply c > 61 + 62 and c — dn < 61. We show that 
63(61 + 62 + 63 - 6 + dn){ei + 62 + 63 - di) > 6616263 - dic{c - dn). 

63(61 + 62 + 63 - c + dn){ei + 62 + 63 - di) - 6616263 + dic{c - dn) 
= 63(61 + 62 + 63)(6i + 62 + 63 - di) - (c - dn){e3{ei + 62 + 63 - di) - dic} 
- 6616263 

> 63(61 + 62 + 63) (61 + 62 + 63 - di) - 61(63 - di){ei + 62 + 63) - 6616263 
because c > 61 + 62, e — < 61 

= 63(61 + 62 + 63)^ - 6163(61 + 62 + 63) - di{e3 - 6i)(6i + 62 + 63) - 6616263 

> 63(62 + 63) (61 + 62 + 63) - 61(63 - 61) (61 + 62 + 63) - 6616263 since 61 > di 
= 63 + 26263 + 6363 + 6^62 + 6^ — 6616263 > by the lemma 1X51 

Subcase 3: Mi = 64, M2 = 62 + 63 

64 > 63 and 62 + 63 > 64 + dn imply c < 61 + 62 and c — dn> 61. 

We show that (61 + 62 + 63 - c)(62 + 63)(6i + 62 + 63 - di) > 6616263 - dic{c - dn). 

(61 + 62 + 63 - C)(62 + 63) (61 + 62 + 63 - di) + dic{c - dn) - 6616263 

= (62 + 63) (61 + 62 + 63) (61 + 62 + 63 - c - (ii) + dic{e2 + ez + c - dn) - 6616263 

> (e2 + 63) (61 + 62 + 63) (63 - di) + dic{ei + 62 + 63) - 6616263 
because 61 + 63 > c, c — > 61 

= 63(62 + 63)(6i + 62 + 63) - di{{e2 + 63)(6i + 62 + 63) - c(6i + 62 + 63)} - 6616263 

> 63(62 + 63) (61 + 62 + 63) - 61(63 - 61) (61 + 62 + 63) - 6616263 

because 61 > di, c < 61 + 62 
= 63 + 26263 + 6363 + 6^62 + el — 6616263 > by the lemma 15751 

Subcase 4: Mi = 64, M2 = 64 + dn 
64 > 63 and 64 + (i„ > 62 + 63 imply c < 61 + 62 and c — dn < 61. 
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We show that (ei+e2+e3-c)(ei+e2+e3-c+c?„)(ei+e2+e3-(ii) > 6616263 -(iic(c-rf„). 

(61 + 62 + 63 - c)(6i + 62 + 63 - C + (i„)(6i + 62 + 63 - di) + dic{c - dn) - 6616263 

= (ei + 62 + 63 - e)(6i + 62 + 63 - di){ei + 62 + 63) 
- (c - dn){{ei + 62 + 63 - c)(6i + 62 + 63 - di) - dic} - 6616263 

> 63(62 + 63)(6i + 62 + 63) - 61(63 - 6i)(6i + 62 + 63) - 6616263, 

because 61 + 62 > c, c — (i„ < 61 
= 63 + 26263 + 6363 + 6^62 + e'^ — 6616263 > by the lemma [3l3l 

CASE II: Suppose that there is the cancellation of 61 = di in the resolution (12. II) 
of /. Then, the minimal resolution is the following. 



J]i?(-(6i+62 + 63-c/i)) ^ J]i?(-(64-rfi))©i?(-(6i+62))©i?(-(6i+63)) 



i=2 i=l 



Y,R{-{^i)) ^ R/I 



i=l 

Here, 62 must be strictly greater than d2. Otherwise, there is more cancellation of 
62 = d2 for which we have to consider later. 
Then we have the maximal shifts: 

Ml = max{e3, 64} 

M2 = max{6i + 63, 64 + dn} 

M3 = 61 + 62 + 63 - d2 

If Ml = 64^, then 61 + 62 + 63 — e > 63. We get 61 + 62 > e, which always results 
in M2 = 64 + (i„ because 64 + — (61 + 63) = 61 + 62 + 63 — e + (i„ — 61 — 63 = 62 
+dn — c > 62 + 61 — c > 0. We just have 3 cases of (Mi = 63, M2 = 61 + 63), 
(Ml = 63, M2 = 64 + dn) and (Mi = 64, M2 = 64 + dn). We show the upper bound 
of the conjecture (1.1) with when M2 = 61 + 63 or M2 = 64 + dn- 



Subcase 1: M2 = 61 + 63 

M2 = 61 + 63 > 64 + (i„ implies c — (i„ > 62 

In [To], Migliore, Nagel and Romer achieved the stronger bound of multiplicity of a 
Gorenstein ideal of codim 3 as following 



6e{R/J) > 6ie(e - dn) + 2el{dn - 61) 
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Hence 6e{R/I) = 6616263 — 6e{R/ J) < 6616263 — 6ic(c — dn) — ^eKdn — 61). Since 
Ml > 63, 

M1M2M3 - 6e{R/I) 

> 63(61 + 63) (61 + 62 + 63 - (^2) - 6616263 + 6ic(c - dn) + 2el{dn - 61) 

> 63(61 + 63)^ + 61(62 + dn)e2 + 2el{dn - 61) - 6616263. 

We verify that the right above expression is nonnegative. 

If dn> 62, then the above expression is greater than 63(61 + 63)^ + 26i6| + 26^62 — 
2el - 6616263. 

Let 63 = 62 + a, a > then the above can be rewritten as 

63(61 + 63)^ + 26162 + 26^62 - 26"^ - 6616263 

= 36^62 + 62 - 2el - e-iel + [ej + Sej - 26162)0 + (2ei + 862)0^ + 

> 3ele2 + 62 - 2el - eiel = {el - ef) - ei{e\ - 86162 + 263) 

= (e2 - ei)(62 + 6162 + el- 61(262 - ei)) = (62 - 6i)(e2 - 6162 + 26^) > 

If (i„ < 62, then 

63(61 + 63) (61 + 62 + 63 - (^2) + eic(c - dn) + 2el{dn - 61) - 6616263 

> 63(61 + 63) (61 + 62 + 63 - d2) + 6162(62 + dn) + 2e\{dn - 61) - 6616263 

> 63(61 + 63) (61 + 62 + 63 - dn) + 6162(62 + dn) + e\{dn - 61) - 6616263 

= 63(61 + 63) (61 + 62 + 63) + 6162 -e\- 6616263 - d„(6i63 + 63 - 6162 - e\) 

> 63(61 + 63) (61 + 62 + 63) + 6162 -ef- 6616263 - 62(6163 + 63 - 6162 - el) 

= 63 + 26163 + 6^63 + 26162 + 6^62 - ef- 6616263 

Now let's take 63 by 62 + a, a > 0, then the right above expression is 

(62 + a)^ + 2ei(e2 + a)^ + 6^(62 + a) + 26163 + 6^62 - - 66162(62 + a) 
= e\-e\ - 26162 + 26^62 + a? + (862 + 26i)a^ + (863 - 26162 + 6i)a 

> (62-6i){(62-6i)2 + 6i62} >0 

Subcase 2: M2 = ei + dn 
64 + (i„ > 61 + 63 implies 62 > c — dn- 

Since Mi > 63, we show that 63(61 + 62 + 63 — e + dn){ei + 62 + 63 — (^2) > 6616263 — 
6ie(e - dn) - 2el{dn - 61). 
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If dn > 62, then c > d2 + dn > d2 + 62 > ei + 62 and 

63(61 + 62 + 63 - C + dn){ei + 62 + 63 - 6/2) + 6iC(c - dn) + 2el{dn - 61) - 6616263 

> 63(61 + 63)(6i + 62 + 63 - C + d„) + 61(61 + 62)(C - dn) + 2e\{e2 - 61) - 6616263 

> 63(61 + 63)(6i + 62 + 63) - (C - dn){e3{ei + 63) - 61(61 + 62)} + 261(62 - 61) 

- 6616263 

> 63(61 + 63)(6i + 62 + 63) - 62(63(61 + 63) - 61(61 + 62)} + 26^(62 - 61) - 6616263 

> 63(61 + 63)^ + 6162(61 + 62) + 26^(62 - 61) - 6616263 

Let 63 = 62 + a, then a > 0. Replace 63 by 62 + a to the right above then we have 
(62 + a)(6i + 62 + a)^ + 36^62 + 6162 - 26^ - 66162(62 + a) 

= 62(61 + 62)^ + 36162 + 6162 - 26i - 66162 + {(61 + 62)^ + 262(61 + 62) - 66162)0 

+ (261 + 362)a2 + a^> (e2 - 61)=^ > 

because (61 + 62)^ + 26i(6i + 62) — 66162 = (62 — 61) (362 — 61) > and a > 0. 
If dn < 62, then 262 > 62 + (i„ > c > (i2 + ^n- The last inequality results from theorem 

63(61 + 62 + 63 - c + dn){ei + 62 + 63- d2) + 6ie(e - dn) + 26\{dn - 61) - 6616263 

= 63(61 + 62 + 63)(6i + 62 + 63 - d2) 

- (C - dn){6z{6i + 62 + 63 - d2) - 6iC} + 26l{dn - 61) - 6616263 

> 63(61 + 62 + 63) (61 + 62 + 63 - 6/2) 

- 62(63(61 + 62 + 63 - ^2) - 61(^2 + dn)} + 26i(rf„ - 61) - 6616263, 

because 63(61 + 62 + 63 - ^2) - 61(^2 + dn) > 63(61 + 62 + 63 - ^2) - 6ic 
> 63(61 + 63) - 26162 > 0. 

> 63(61 + 63)(6i + 62 + 63 - d2) + 6162(^2 + dn) + 26\{dn - 61) - 6616263 

= 63(61 + 63)(6i + 62 + 63) - ^2(63(61 + 63) - 6162} + 6i62dn + 26\{dn - 61) - 6616263 

> 63(61 + 63)(6i + 62 + 63) - dn{63{6i + 63) - 6162} + 6i62(i„ + 26\{dn - 61) - 6616263 
= 63(61 + 63)(6i + 62 + 63 - dn) + 26i62dn + 26\{dn - 61) - 6616263. 

We claim that the right above expression is greater than 63(61 + 63)^ + 6162(61 + 
62) + 61(62 — 61) — 6616263 which is already proved to be nonnegative in the end of 
case dn> 62. 

To verify our claim, it suffices to show 63(61 + 63)(62 — dn) + 6i62{2dn — 61 — 62) + 
e{{2dn — 26i — 62 + 61) > 0. Let 62 = dn + x, then < x < 63 — dn- 
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63(61 + e3)(e2 - dn) + eie2(2(i„ - ei - 62) + ei(2c?„ - Ci - 62) 
= 63(61 + 63)0; + ei{dn + x){2dn - ei- dn-x) + 6^(2(i„ - 61 - c/^ - x) 
= ei{dn + 6i)((i„ - 61) + x{el + 6163 - 26^ - 6ix) 

> 61(4, + ei){dn - 61) + X{(63 + 6163 - 26i - 61(63 - dn)} 

= ei{dn + ei){dn - 61) + ^(63 - 26^ + 6irf„) > 0. 
CASE III : Suppose that 61 = di, 62 = (i2, 63 > ^3. Denote di by 61 and ^2 by 62. 

n n 

^ ^ R{-{ei + 62 + 63 - di)) J2 ^(-(^4 + di)) © i?(-(6i + 62)) 

1=3 i=l 
4 

1=1 

63 - 64 = 63 - (61 + 62 + 63 - c) = 6 - (61 + 62) > c - (62 + dn) > applied to 
theorem I2.5[ This gives us the following maximal shifts. 

Ml = 63 

M2 = max{ei + 62, 64 + dn} 
= 61 + 62 + 63- ds 

Subcase 1: M2 = 61 + 62 

ei + 62 > 64 + dn implies 63 < c — dn- 

63(61 + 62)(6i + 62 + 63 - ds) + 6ic(c - dn) - 6616263 

> 63(61 + 62)^ + 61(63 + dn)63 - 6616263 

> 63(61 + 62)^ + 61(62 + 63)63 - 6616263, because dn > 62 
= 6163 + 6263 + 6163 - 3616263 = 63(61 + 62 + 6163 - 36162) 

= 63{(6i - 62)^ + 6163 - 6162} = 63{(6i - 62)^ + 61(63 - 62)} > 

Subcase 2: M2 = 64 + dn 

M2 = 64+dn > 61+62 implies 63 > c— c?„.We know that c > 62+c?„, so 63 > c— c?„ > 62. 
If 63 > dn, then we show that 63(61 + 62 + 63 — c + dn){ei + 62 + 63 — ^3) > 6616263 — 
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eic(c - dn). 

63(61 + 62 + 63 - C + dn){ei + 62 + 63 - d^) + 6ic(c - d^) - 6616263 

= 63(61 + 62 + 63) (61 + 62 + 63 - 4) 

- (e - rf„){63(6i + 62 + 63 - ^3) - 6ie} - 6616263 

> 63(61 + 62 + 63)(6i + 62 + 63 - 4) - 63(63(61 + 62 + 63 - d-i) - eic} - 6616263 
because 63(61 + 62 + 63 - ^3) - 6ic > 63(61 + 62) - 61(63 + dn) > 6263 - eidn > 

= 63(61 + 62) (61 + 62 + 63 - ^3) + 61636 - 6616263 

> 63(61 + 62)^ + 6163(262) — 6616263 because e > 62 + (i„ > 262 
= 63(62 - e^f > 

If 63 < dn, then 62 + 63 < 62 + (in < e < 63 + (i„ < 2dn- 
We show that 63(61 + 62 + 63 -e + (i„)(6i +62 + 63-^3) +eic{c-dn) +2el{dn-ei) > 
6616263. 

63(61 + 62 + 63 - c + dn){ei + 62 + 63 - ^3) + 6ie(e - dn) + 2el{dn - 61) - 6616263 

> 63(61 + 62)^ + 61(62 + dn)e2 + 2el{dn - 61) - 6616263 

> 63(61 + 62)^ + 6162(62 + 63) + 261(63 - 61) - 6616263 

= 36^63 + 6263 + 6162 - 26^ - 3616263 

Let 63 = 62 + a, a > then the right above expression is 

36^(62 + a) + 62(62 + of + 6162 - 26^ - 36162(62 + a) 

= 36^62 + 62 — 26'^ — 26162 + (36^ + 262 — 36162)0 + 620^ 

> (62 - 61) (6^ - 6162 + 2el) > 

CASE IV: Suppose the case of 61 = di, 62 = d2, 63 = ^3. By theorem 12.61 we can 
take fi = gi,l < i < 3. Thus J = ((/i, /2, /3) : h) and / = ((/i, /2, /3) : J). Since 
J is a homogeneous Gorenstein ideal of height three, there exists a skew symmetric 
matrix of size n = 2m + 1 such that J is the ideal of 2m x 2m order pfaffians of 0. 
The degree matrix of is the following. 

■ 2ri ri + r2 ■ ■ ■ ri + r„' 
ri + r2 2r2 • • • r2 + r„ 

ji + r„ r2 + r„ ■ ■ ■ 2r„ _ 

Let r = ri + r2 + ■ ■ ■ + r„, Then homogeneous generators, Qi of J are of degrees, 
deggi = r — r^. We may assume that ri > r2 > ■ ■ ■ > r„. The determinant of is 
a homogeneous polynomial of degree e = 2(ri + r2 + ■ ■ ■ + r„). We have di = r — 
for all z = 1, 2, ■ ■ ■ , 77, and 64 = di + d2 + d^ — c = r — ri — r2 — r^. Since 64 and 
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c is a positive integer, ri,r2,r3,r4 and r are positive. With this notation, the free 
resolution of i?// is as follows: 



^ ^ R{-{2r - ri - r2 - ra + r^)) ^ ^ R{-{2r - n - r2 - - n)) 

i=4 1=1 
3 n 

^ ^i?(-(r-ri))©i?(-^rj) R ^ R/I ^ 

i=l j=4 

Let T = 2r — ri — r2 — ra- We have the maximal and minimal shifts. 

Ml = r — ra mi — T — r 

M2=T -Tn 1712 = T -ri 

Ms = T + r4 ms^T + rn 
Using this resolution to compute the multiphcity oi R/I, we get 



6e(i?/7) = ^(T - n)^ - J2{T - nf + J2{r - nf + (T - r)' 

1=4 i=l i=l 

n n n n 3 

1=4 i=l 1=4 i=l 1=1 

3 n 3 

= -3T J2^i^'^Yl + 2^^*^^ - r) + 3r ^ + (T - r)^ 

i=l i=4 i=l 

3 n 

= (7^-r)(3r2-3^r,2) + 2^rf + (r-r)=^ 

i=l i=4 

Let A := 6e{R/I) - M1M2M3. We will show that A < 0. 

3 n 

A = (T - r)(3r^ - 3 ^ r^) + 2 ^ r;^ + (T - r)^ - (r - r3)(r - r„)(T + n) 

1=1 1=4 

3 n 

= (T - r) (3r2 _ 3 ^ r^) + 2 ^ + (T - r)^ - (T - r) (T - r„) (T + 

i=l 1=4 

- + r2){r - Tn) + (T - r)(r + r4), since r - ra = T - r + ri + r2 

3 », 

= (T - r)(3r2 - 3 ^ r^) + 2 r^* + (T - r)^ - (T - t){T - rn){T + n) 



i=l i=4 

(ri + r2){T - r)(T + r^) - (r - r„)(ri + r2)T - (r - rn)(ri + r2)r4 
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But 2 Y^i^^rf - (n + r2)r\{T - r) < Y.'^=4{'2ri)riri - (ri + r2)ri{T - r) < 0. We 
get, 



A< {T - r){2>r'^ - Z^rD + {T - rf 

1=1 

- {T - r){T - r„)(T + r^) - (ri + r2)(T - r)T - (r - r„)(ri + r2)T 

- {r - r„)(ri + r2)r4 

3 

= (T - r) (3r2 - 3 J] r,^) + (T - r)=^ - (T - r) (T - r„) (T + 

- {ri + r2)(r - r„)r - (r - r„)(ri + r2)r4 

= (T — r) '|2r^ — 3 ^^rf — 2r(T — r) — T(r4 — r„) + r4r„ 

- (ri + r2) (T - r„)r - (r - r„) (n + r2)r4 
= 2r2(r - r) - 2r(r - r)^ - (T - r) |r(r4 - r„) + 3 ^ rf - r4r„ 

- (ri + r2) (T - r„)r - (r - rn) (ri + r2)r4 
= 2r(T - r)(ri + r2 + rg) - (T - r) |T(r4 - r„) + 3 ^ rf - r4r„ 



1=1 



(ri + r2)(T - r„)T - (r - r„)(ri + r2)r4. 



T — r = r — (ri + r2 + r3) < r — r„ implies 2(T — r) < T — r + r — r„ = T — r„. Now, 
T — r = r4 + • • • + r„ > r„ whether r„ is positive or negative since T — r is positive. 
Now, 

2r(T — r)(ri + r2 + 

= 2r(T — r)(ri + r2) + 2rr^{T — r) < r(ri + r2){T — rn) + '2rr^{T — r) 

< r(ri + r2){T — r„) + r(ri + r2){T — r) because 2r3 < ri + r2 

< r(ri + r2)(r - r„) + (ri + r2){T - rn){T - r) = (ri + r2){t - rn)T 



Thus 



A< -(T-r) |r(r4-r„) + 3^r^'-r4r„| -(r-r„)(ri+r2)r4 
< -(T - r) {T(r4 - r„) + 2r2 + 3r2 + Sr^} - (r - r„)(ri + r2)r4 < 0. 



□ 
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Remark 3.5. When ei = di, 62 = d2, 63 = d^, the structure of the ideal I and its res- 
olution can be completely determined. There exists a homogeneous skew symmetric 
matrix = (xij) giving the Gorenstein ideal J, with denoting with the top three 
rows deleted, the resolution of R/I is 

where if) is the n x 4 matrix 



r/i 




/2 


—fihxs 


/3 






^24 ^34 


_9n tin 


t2n t^n 



Example 3.6. / = (x'^, + z^, x^y^ + x^z'^ + yz^, y^z^) is an almost complete inter- 
section of codim 3. Let /i = x'^, f2 = y^ + z^, fs = x^y^ + x^z^ + yz^ and = y^z^, 
then K = (/i, /2, /s) is a regular sequence. 

The Gorenstein ideal J = ((/i, /2, /3) : -?^) is (x^y^z— x^2;+x?/2;^, x''', x^y'^z— 
x^z^ _j_ i/S^;^, + z^, x^y^ — x^y^, x^y^ + x^z^ — yz^) of 7 generators and c = |(7 + 7 + 
7 + 8 + 8 + 8 + 9) = 18. e{R/I) = 270 = 504 - 234 = e{R/K) - e{R/J) in lemma El 
and degfi = 6 = degfi + degf2 + degfs — c in corollary 12. 2[ Since degfi = deggi = 7, 
this example is for the case II in the previous theorem. The maximal and minimal 
shifts for R/I are Mi = 63 = 9, M2 = 61 + 63 = 16, M3 = 61 + 62 + 63 — d2 = 17 and 
mi = 64 = 6, 1712 = 64 + di = 13, m3 = ei + 62 + 63 — rf^ = 15. 1170 = mim2m3 < 
6e(i?//) < M1M2M3 = 2448. 

4. Ideal Linked to Complete Intersection 

In this section we use some techniques of Gold-Schenck-Srinivasan [7] to give 
bounds for the almost complete intersection ideal linked to a complete intersection in 
one step and give some partial results towards the proving the multiplicity conjecture 
for these ideals. I is a complete intersection generated by homogeneours elements of 
degrees di < d2 < ■ ■ ■ < dn- K is a regular sequence of length n formed by homo- 
geneous elements of degrees ei < 62 < ■ ■ ■ < e„. By theorem 12.61 without loss of 
generality, we can take > di since K C I. 

Let J = {K : J). Let F be the minimal resolution of R/K and K be the minimal 
resolution of R/I. Let : F ^ K be induced hj K G I, then the dual of the 
mapping cone of 0, M(0*) is a resolution of R/J. This will be minimal if there are 
no cancellations. We consider this situation where M(0*) is the minimal resolution 
of R/I. 



MULTIPLICITY OF CODIMENSION THREE ALMOST COMPLETE INTERSECTIONS 17 



F is a Koszul complex with degrees of the generators di < d2 < ■ ■ • < dn and 
K is a Koszul complex with degrees of the generators ei < 62 < ■ ■ ■ < e^, and let 
a = Cj. Then the maximal and minimal shifts in P = M(0*) are 



Mi 


= max{ e^, 


a — dt}, I < i [ 




t>n-i+l 






= a — di. 






= mm{^^ et, a — 


^dt}, l<i<n-l 




t<i 


t>i 


rrin 


= a — dn- 





The multiplicity of R/ J is 

n n 

e{R/J) = Y[e,-l[d, = e{R/K) - e{R/I). 

1=1 i=l 

We show with some conditions that 

^^'=\ " < e(R J) < ^^'=\ \ 
TV. n\ 

Theorem 4.1. The upper hound of the conjecture 1.1 holds ^/^"=2(^« ~ ^1) — '^i- 

Proof. Since Mi = max{J2t>n-i+i^t, 01 - Y.t<n~i+idt], Mi > ien-i+i, for 1 < i < 
n — 1. 

n 

Y[Mi- n\e{R/J) 

i=l 

n n n 

= l[Mi-n\l[e, + n\l[di 

1=1 1=1 i=l 

n 

> M„]^ien-i+i - nei{n - 1)! JJ^Ci + n! JJ^dj 

i<n i>l 1=1 

n 

>{a-di- nei){n - 1)! JJ^ei + n! JJ^dj. 

i>l i=l 

This is non negative ii a — di> nei. a — nei > di if Ylii^i ~ ^1) ^ di- D 

Now we look at the case where the regular sequence linking the two ideals is 
generated in a single degree e, so that e = ei = e„. Then e > di for all i by the 
theorem 12.61 and 
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n—i+1 

Mi = max{ie, ne — dj}, 1 < i < n — 1 
Mn = ne — di 

n 

rui = min{ie, ne — dj}, 1 < i < n — 1 
j=i 

rrin = ne — dn- 



Lemma 4.2. If nik = ke for some k, then rrii = ie for all i < k. 

Proof. Since ruk = ke, ne — {dk + ■ ■ ■ + dn) > ke. ne — {d^^i + dk + ■ ■ ■ + dn) = 
ne — {dk + ■ ■ ■ + dn) — d^-i > ke — d^-i > ke — e = {k — l)e because dfc-i < e, so 
"^fe-i = {k — l)e. Repeat this process, rrii = ie i = 1,2, ■■■ ,k. □ 

Theorem 4.3. If rrin-i = {n — l)e, then the lower bound holds. 

Proof. Since m„_i = {n — l)e < ne — dn-i — dn, We get e> dn + dn-i. By the lemma 
14.21 nii = ie for all i < k. 



di-\ h (i„ n 

e > > -di 

n — 1 n — 1 

d2-\ \-dn ^ n-1 

e > > -d2 

n — 2 n — 2 



2 

e > dn-i + dn^ e> jdn-l 

«-i n n — 1 2 -p-i- 

so, e > ■ ■ ■ -did2 ■ ■ ■ dn-i = n\\di 

n — 1 n — 2 1 

i=l 



n n 

n\e{R/J) = n!(e"- JJdi) = n!e"-n! JJdi >n!e"-(n-l)!e"-irf„ 

i=l 1=1 
n 

= (n- l)e""^(ne = JJmi. 

i=l 

□ 

Lemma 4.4. // Mi = e, then Mi = ie for i = 1, ...,n — 1. In particular {k — l)e < 
X]j=i dj for 2 < k < n. 
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Proof. Since Mi = e, mi = ne — {di + ■ ■ ■ + dn), ne — {di + ... + dn-i) = ne — 
{di + ... + dn) + dn < e + dn < 2e. So, M2 = 2e. 2e > ne — {di + ■ ■ ■ + dn-i), 
ne — {di + ... + dn-2) = ne — {di + ... + dn-i) + dn-i < 2e + dn-i < 3e. So, M3 = 3e. 
Repeat this process, Mj = ie for all i = l,...,n — 1 which implies automatically 
mi = ne — Yl^=i dj for i = 1, ...,n. ie > ne — X]j=i^^ > ne — Yl^=i ^j- We obtain 
{n — i)e < X]j=i^^ for z = 1, — 1. So {k — l)e < Yl'j=i dj ioi 2 < k < n. □ 
Theorem 4.5. If Mi = e, then the upper hound holds. 

Proof. By lemma 14.41 Mj = ie for alH = 1, n — 1. 

e>ne- Y.%i dj ^ e < ^ EJ=i dj < 
2e>ne- d, ^ e < d, < ^rf„_i, 

{n — l)e > ne — (di + ^2) ^ e < di + ^2 < 2^2. 

We obtain 

e""""*^ < ■ ■ ■ • -dndn-i ■ ■ ■ d2 = n |T di 

- n-1 n-2 11* 

i=2 

Now we show that e{R/J) = e" - ULi di < ^, ULi ^i- 



YlMi = e(2e)---(r2-l)e(ne-cii) =n!e"-(n-l)!e"~Mi 

i=l 

n n 

> n!e" — n\ JJ^ di, because e"~^ < n JJ^ 

i=l 1=2 

□ 
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